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Differential equations are vital to understanding our universe:

• Fluid flow

• Weather prediction

• Space flight

Few have analytical solutions:

• Finite differences

• Finite volumes

• Finite element methods

Why FEMs?

The Appetiser

[Karl Sims]

[ECMWF][NASA]



We generally choose FEMs over other 
methods thanks to their:

• Geometric flexibility

• Adaptivity and error control

• Optimal (high) orders of convergence

FEM Properties

The Appetiser Regular mesh

Irregular mesh [Hans Petter Langtangen]



Infinite-Dimensional PDEs

Loosely speaking, all real PDE problems can be written as:
Find 𝑢 ∈ 𝑉 s.t. ℒ𝑢 𝑥 = 𝑓 𝑥 ,

where 𝑢 lives in a suitable space, and ℒ is some real differential operator.

Finite-Dimensional PDEs

To solve on a compute, we must somehow convert our problem to a finite dimensional 
representation:

Find 𝑢ℎ ∈ 𝑉ℎ s.t. Πℎ(ℒ𝑢ℎ) = Πℎ(𝑓),

where Πℎ: 𝑉 → 𝑉ℎ.

PDEs

The Appetiser



Strong form

Find 𝑢 s.t.
−𝜖Δ𝑢 + 𝑐𝑢 = 𝑓, in Ω

𝑢 = 𝑔𝐷, on 𝜕Ω.

Weak form

Find 𝑢 ∈ 𝑉 s.t.

𝜖 න
Ω

∇𝑢 ⋅ ∇𝑣 + න
Ω

𝑐𝑢𝑣 = න
Ω

𝑓𝑣, ∀𝑣 ∈ 𝑉.

Galerkin

Find 𝑢ℎ ∈ 𝑉ℎ s.t.

𝜖 න
Ω

∇𝑢ℎ ⋅ ∇𝑣ℎ + න
Ω

𝑐𝑢ℎ𝑣ℎ = න
Ω

𝑓𝑣ℎ , ∀𝑣ℎ ∈ 𝑉ℎ .

Model Problem

The Appetiser



Taking the scheme element-wise, we have: For each 𝜅 ∈ 𝒯ℎ, find 𝑢ℎ ∈ 𝑉ℎ s.t.

𝜖 න
𝜅

∇𝑢ℎ ⋅ ∇𝑣ℎ + න
𝜅

𝑐𝑢ℎ𝑣ℎ = න
𝜅

𝑓𝑣ℎ, ∀𝑣ℎ ∈ 𝑉ℎ ,

where 𝒯ℎ is the discretised version of Ω, and some boundary conditions are somehow 
applied to 𝑢ℎ.

CG-FEM

The Appetiser



Taking the scheme element-wise, we have: For each 𝜅 ∈ 𝒯ℎ, find 𝑢ℎ ∈ 𝑉ℎ s.t.

𝜖 න
𝜅

∇𝑢ℎ ⋅ ∇𝑣ℎ + න
𝜅

𝑐𝑢ℎ𝑣ℎ +න
𝝏𝜿

− 𝝐𝛁𝒖𝒉 𝒗𝒉 − 𝝐𝛁𝒗𝒉 𝒖𝒉 + 𝜶 𝒖𝒉 𝒗𝒉 = න
𝜅

𝑓𝑣ℎ , ∀𝑣ℎ ∈ 𝑉ℎ ,

where 𝒯ℎ is the discretised version of Ω, and some boundary conditions are somehow 
applied to 𝑢ℎ.

We’ve chosen here the flux functions to be

DG-FEM

The Appetiser

ො𝑢 = ൝
𝑢ℎ on 𝐹 ∈ 𝒯ℎ

𝐼

𝑔𝐷 on 𝐹 ∈ 𝒯ℎ
𝐵

ො𝜎 = ൝
∇𝑢ℎ − 𝛼 𝑢ℎ on 𝐹 ∈ 𝒯ℎ

𝐼

∇𝑢ℎ − 𝛼 𝑢ℎ − 𝑔𝐷 𝒏 on 𝐹 ∈ 𝒯ℎ
𝐵

Specifically speaking, we will use the Symmetric Interior Penalty scheme.



DG-FEM

The Appetiser

[Arnold et al, 2001]



We take our discretised finite element space to be

𝑉ℎ ≔ {𝑢 ∈ 𝐻0
1 0, 1 ∶ 𝑢 ቚ

𝑥𝑖−1,𝑥𝑖
∈ 𝒫𝑝𝑖 𝑥𝑖−1, 𝑥𝑖 , ∀𝑖 }

where 𝑥𝑖−1, 𝑥𝑖 are the 𝑖th element’s coordinates, and 𝑝𝑖 is the 𝑖th element’s maximum 
polynomial degree.

Abstract Recipe: A General FEM

1. Split your mesh

2. Take 𝑉ℎ as above

3. Solve for all combinations of basis functions

Construction of 𝑉ℎ in 1D

The Appetiser



As suggested in [Pavel Šolin et. al, 2003], we 
propose to use Lobatto shape functions:

On reference elements:

𝑙0 𝑥 =
1−𝑥

2
, 𝑙1 𝑥 =

1+𝑥

2
,

𝑙𝑘 𝑥 =
1

2/(2𝑘−1)
1−׬
𝑥
𝐿𝑘−1 𝜉 , 2 ≤ 𝑘.

Basis Functions

The Appetiser Lobatto shape functions
[Pavel Šolin et. al, 2003]

𝑝 = 1 𝑝 = 3 𝑝 = 1 𝑝 = 2



Ingredients:

• Elements in a mesh

• Choice of basis functions

• Linear solver

Linear PDE CG-FEM Procedure

The Appetiser

Recipe:

1. Create storage for 𝐴 and 𝐿

2. Loop over all elements
a. Loop over all combinations of basis functions on this 

element

i. Calculate 𝑎(𝑢, 𝑣) and 𝑙(𝑣) and add contributions to 𝐴 and 𝐿

3. Impose boundary conditions

4. Solve 𝐴𝑢 = 𝐿

5. Output σ𝑖 𝑢𝑖
ℎ𝜙𝑖(𝑥)



Ingredients:

• Elements in a mesh

• Faces between elements

• Penalisation parameter

• Choice of basis functions

• Linear solver

Linear PDE DG-FEM Procedure

The Appetiser

Recipe:

1. Create storage for 𝐴 and 𝐿

2. Loop over all elements
a. Loop over all combinations of basis functions on this 

element
i. Calculate 𝑎(𝑢, 𝑣) and 𝑙(𝑣) and add contributions to 𝐴 and 𝐿

ii. Calculate face contributions

3. Impose boundary conditions

4. Solve 𝐴𝑢 = 𝐿

5. Output σ𝑖 𝑢𝑖
ℎ𝜙𝑖(𝑥)

Specifically speaking, we will use the Symmetric Interior Penalty scheme.



Take the boundary layer problem:
−0.0001𝑢′′ + 𝑢 = 1,

𝑢 −1 = 0,
𝑢 1 = 0.

With 4 to 64 linear elements, we 
have…

Some Motivating Examples 

The Appetiser



Some Motivating Examples 

The Appetiser

DG-FEM CG-FEM



Some Motivating Examples 

The Appetiser

DG-FEM CG-FEM



Take the boundary layer problem:
−0.0001𝑢′′ + 𝑢 = 1,

𝑢 −1 = 0,
𝑢 1 = 0.

With 4 higher-order elements, we 
have…

Some Motivating Examples 

The Appetiser



For a given problem, we can relatively easily 
construct an a priori error bound of the form:

𝑢 − 𝑢ℎ 𝐸 ≤ ℰ 𝑢, ℎ, 𝑝 .

We introduce a new error norm called the 
energy norm:

𝑢 𝐸 ≔ 𝑎 𝑢, 𝑢

≡ න𝜖∇𝑢 ⋅ ∇𝑢 + න𝑐𝑢𝑣.

By [Schwab, 1998], we have:

ℰ 𝑢, ℎ, 𝑝 = 𝐶
ℎmin(𝑝,𝑘)

𝑝𝑘
𝑢 𝐻𝑘(0,1).

A Priori Error Analysis for CG

The Appetiser

For DG, we refer to
[Castillo et al, 2007]



For a given problem, we can relatively easily construct an a posteriori error bound of the form:
𝑢 − 𝑢ℎ 𝐸 ≤ ℰ 𝑢ℎ , ℎ, 𝑝 .

Following from an interpolation result from [Schwab, 1998], we obtain:

ℰ 𝑢ℎ, ℎ, 𝑝 = 𝜖 ෍
𝑖=1

𝑁

𝜂𝜅𝑖
2 (𝑢ℎ, ℎ, 𝑝) ,

where 𝜂𝜅𝑖
2 ≔

1

𝑝𝑖 𝑝𝑖+1

1

𝜖
𝑤
𝑖

1

2𝑅 𝑢ℎ 𝐿2(𝑥𝑖−1,𝑥𝑖)

2

.

For our problem:

• 𝑤𝑖 ≔ 𝑥𝑖 − 𝑥 𝑥 − 𝑥𝑖−1

• 𝑅 𝑢ℎ ≔ 𝑓 + 𝜖𝑢ℎ
′′ − 𝑐𝑢ℎ

A Posteriori Error Analysis for CG

The Appetiser

For DG, we refer to
[Houston et al, 2007]



Go to fem.blakey.family to run the code for yourself!

A Simple Interactive Example

A Quick Snack

https://fem.blakey.family

https://fem.blakey.family/


Programming Language

Various FEM software packages already 
exist in a number of languages. We 
decided to use C++ due to its:

• Object-oriented structures

• Advanced memory management

• Portability

C++ Implementation

Sorbet

Programming Structure
To make use of the object-oriented 
paradigm, we split our problem into human-
understandable parts:
• Mesh

• Elements
• Solution

• CG solution
• DG solution

• Linear systems
• Matrix storage
• Various linear solvers



C++ Implementation

Sorbet



C++ Implementation

Sorbet

Primary C++ Ingredients

• Linear (and nonlinear) solvers

• Quadrature
• Mappings to reference elements

• Efficient matrix storage

• FEM solvers

• Refinement procedures
• Error estimation



Let’s solve a simple ODE for which we know the exact solution, 𝑢, in order to study the convergence 
rates. Find 𝑢 ∈ 𝑉ℎ s.t.

−𝑢ℎ
′′ = 𝜋2 sin 𝜋𝑥 ,

𝑢ℎ −1 = 0,
𝑢ℎ 1 = 0,

which exactly gives 𝑢 𝑥 = sin(𝜋𝑥).

Error Measurement

There’s no one way to measure the error of our approximate solution. We will focus on measuring in 
the following norms:

• 𝐿2 norm

• 𝐻1 norm

• Energy norm

Numerical Experiments

Sorbet



# DoFs 𝒖 − 𝒖𝒉 𝑳𝟐 𝛀 𝒖 − 𝒖𝒉 𝑯𝟏(𝛀) 𝒖 − 𝒖𝒉 𝑬(𝛀) ℰ(𝒖𝒉, 𝒉, 𝒑)

5 0.15101 1.93952 1.93364 2.01462

9 0.039292 0.997789 0.997015 1.00731

17 0.00992138 0.502461 0.502363 0.503656

33 0.00248653 0.251679 0.251666 0.251828

65 0.00062202 0.125895 0.125894 0.125914

129 0.000155529 0.0629547 0.0629545 0.062957

257 0.0000388838 0.0314782 0.0314782 0.0314785

513 0.00000972104 0.0157392 0.0157392 0.0157393

Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For ℎ-refinement we get:



DoF ratio 𝒖 − 𝒖𝒉 𝑳𝟐 𝛀 𝒖 − 𝒖𝒉 𝑯𝟏(𝛀) 𝒖 − 𝒖𝒉 𝑬(𝛀) ℰ(𝒖𝒉, 𝒉, 𝒑)

- - - - -

5/9 3.84328 1.94382 1.93943 2

9/17 3.96033 1.9858 1.98465 2

17/33 3.99005 1.99644 1.99615 2

33/65 3.99751 1.99911 1.99904 2

65/129 3.99938 1.99978 1.99976 2

129/257 3.99984 1.99994 1.99994 2

257/513 3.99996 1.99999 1.99998 2

~4 ~2 ~2 ~2

Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For ℎ-refinement we get:



Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For ℎ-refinement we get:

DoF 𝚯

5 1.04187956

9 1.01032582

17 1.00257384

33 1.0006371

65 1.00015886

129 1.00003971

257 1.00000953

Θ ≔
ℰ(𝑢ℎ, ℎ, 𝑝)

𝑢 − 𝑢ℎ 𝐸

Efficiency index



# DoFs 𝒖 − 𝒖𝒉 𝑳𝟐 𝛀 𝒖 − 𝒖𝒉 𝑯𝟏(𝛀) 𝒖 − 𝒖𝒉 𝑬(𝛀) ℰ(𝒖𝒉, 𝒉, 𝒑)

5 0.15101 1.93952 1.93364 2.01462

9 0.0151992 0.394667 0.394374 0.397937

13 0.00138912 0.0526826 0.0526643 0.05284

17 0.00010558 0.00523556 0.00523449 0.0052428

21 6.78332e-06 0.000414636 0.00041458 0.000414944

25 3.76084e-07 2.73023e-05 2.72997e-05 2.73143e-05

29 1.8312e-08 1.53869e-06 1.53858e-06 1.53912e-06

33 7.94325e-10 7.58027e-08 7.57986e-08 7.58169e-08

Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For 𝑝-refinement we get:



DoF ratio 𝒖 − 𝒖𝒉 𝑳𝟐 𝛀 𝒖 − 𝒖𝒉 𝑯𝟏(𝛀) 𝒖 − 𝒖𝒉 𝑬(𝛀) ℰ(𝒖𝒉, 𝒉, 𝒑)

- - - - -

5/9 9.93536 4.91433 4.90305 5.06268

9/13 10.9416 7.4914 7.48844 7.53098

13/17 13.157 10.0625 10.061 10.0786

17/21 15.5647 12.6269 12.626 12.635

21/25 18.0367 15.1869 15.1863 15.1915

25/29 20.5376 17.7438 17.7434 17.7467

29/33 23.0536 20.2986 20.2983 20.3005

~exp ~exp ~exp ~exp

Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For 𝑝-refinement we get:



Numerical Experiments

Sorbet

Our exact solution is 𝑢 𝑥 = sin(𝜋𝑥). For 𝑝-refinement we get:

DoF 𝚯

5 1.04187956

9 1.00903457

13 1.00333623

17 1.00158755

21 1.000878

25 1.0005348

29 1.00035097

Θ ≔
ℰ(𝑢ℎ, ℎ, 𝑝)

𝑢 − 𝑢ℎ 𝐸

Efficiency index



ℎ𝑝-FEMs in Action

Main Course

We introduce our next recipe, for automatic 
adaptive ℎ-, and 𝑝-refinement.

Recipe:

1. Solve

2. Estimate all 𝜂𝜅𝑖

3. Mark large 𝜂𝜅𝑖

4. Refine marked



ℎ𝑝-FEMs in Action

Main Course

We introduce our next recipe, for automatic 
adaptive ℎ-, and 𝑝-refinement.

Recipe:

1. Solve

2. Estimate all 𝜂𝜅𝑖

3. Mark large 𝜂𝜅𝑖

4. Refine marked

What about 𝑝-refinement?



ℎ𝑝-FEMs in Action

Main Course

We introduce our next recipe, for automatic 
adaptive ℎ𝑝-refinement.

Modified Recipe:

1. Solve

2. Estimate all 𝜂𝜅𝑖

3. Mark large 𝜂𝜅𝑖

4. Decide refinement on ℎ or 𝑝

5. Refine marked



ℎ𝑝-FEMs in Action

Main Course

We introduce our next recipe, for automatic 
adaptive ℎ𝑝-refinement.



ℎ𝑝-FEMs in Action

Main Course

We introduce our next recipe, for automatic 
adaptive ℎ𝑝-refinement.



ℎ𝑝-FEMs in Action

Main Course

How do we choose to mark large 𝜂𝜅𝑖?

• Maximum strategy
• Pick 𝛾 ∈ 0, 1

• Mark when 𝜂𝜅𝑖 > 𝛾max𝜂𝜅𝑖
• Refine all marked Ƹ𝜂𝜅𝑖

• Dörfler strategy
• Pick 𝛾 ∈ 0, 1

• Sort elements by largest indicator

• Continue until marked elements satisfy σ𝑖 Ƹ𝜂𝜅𝑖 > 𝛾σ𝑖 𝜂𝜅𝑖
• Refine all marked Ƹ𝜂𝜅𝑖



ℎ𝑝-FEMs in Action

Main Course

How do we choose whether to ℎ- or 𝑝-refine?

In 1D, we can derive the following “smoothness indicator” [Wihler, 2011]:

ℱ𝜅 𝑢ℎ ≔ ቐ 𝑢ℎ ∞ 𝜅
2 coth 1 ℎ𝜅

−1 𝑢ℎ 𝐿2 𝜅
2 + ℎ𝜅 𝑢ℎ 𝐻1 𝜅

2
−1

𝑢ℎ ≡ 0,

1 𝑢ℎ ≡ 0.

• We expect smooth functions to have ℱ𝜅 𝑢ℎ ≈ 1 and non-smooth functions to have 
ℱ𝜅 𝑢ℎ ≈ 0.

• We choose to refine ℎ when ℱ𝜅 𝑢ℎ ≤ 0.5, and refine 𝑝 otherwise.



ℎ𝑝-FEMs in Action

Main Course

Why was all of that OOP necessary?

Example Boundary Layer Simulation ℎ𝑝-Adaptive Boundary Layer Simulation



ℎ𝑝-FEMs in Action

Pudding

Summary

• CG-FEM and DG-FEM in 1D

• Key implementation aspects

• A priori and a posteriori error bounds

• ℎ- and 𝑝-refinement

• A posteriori error bounds
• → adaptive ℎ- and 𝑝-refinement

• Smoothness indicator
• → adaptive ℎ𝑝-refinement

Outlook

• Convection-dominated PDEs

• Generalisation to 2D and 3D

• Time dependant problems

• Placentas
• Complicated geometries

• Fluid-structure interaction


